Abstract We define N-graded and Z-graded E ∞ -rings, by using ∞-operads constructed from the symmetric monoidal categories {0} ⊂ N ⊂ Z and the Day convolution. We define the one-element localization of those graded E ∞ -rings, and obtain spectral projective schemes. We assume certain finiteness conditions on an Ngraded E ∞ -ring A and Z-graded A-modules and show that, under the finiteness conditions, the ∞-category of almost perfect quasi-coherent sheaves over Proj A is equivalent to a certain localization of the ∞-category of Z-graded A-modules.
INTRODUCTION
Let k be a field, and A a commutative ring of finite type over k. As is well-known, the category of A-modules is corresponding to the category of quasi-coherent sheaves over Spec A. For a finitely generated commutative graded algebra A = ⊕ n≥0 A n over k, where A is generated by A 1 over A 0 , the category of quasi-coherent sheaves over Proj A is equivalent to the quotient category of the category of almost finitely generated graded A-modules with the dense subcategory consisting of those graded A-modules with only finitely many nonzero components of positive degree (cf. [20, Corollary-Definition 0.3]). The construction in the algebraic geometry goes back to Serre [18] , so that the correspondence is called the Serre theorem, and has been studied by Gabriel, Manin, and so on.
In noncommutative geometry and differential geometry, there are many approaches to define projective variety via abelian category (cf. [1] ) and derived category, which already have been considered in 1990s after Serre. However, the graded module categories still provide fruitful observations of invariants via the Serre theorem.
For example, they give calculations of cyclic homology and algebraic K -theory of polynomials or F 1 -algebras, even when the coefficient ring is not commutative.
Mandell, May, Schwede and Shipley defined the symmetric monoidal structure on the category of D-spectra in [14] , which is given by the Day convolution (cf. [14, Definition 1.9, Definition 21.4]) introduced at first in [3] . The theory of D-spectra can be applied to the category of Z-indexed spectra. Recall that the symmetric monoidal structure is given by the coend (X⊗Y ) c = (c 1 ,c 2 )∈Z×Z There already have been the several generalization of D-spectra, especially Z-index, to the ∞-category theory. One of the main points in this paper is to define suitable Z-grading on spectra and the monoidal structure on specrta for E ∞ -rings in the setting of ∞-category.
Several Z-grading on spectra in the setting of ∞-category have appeared in Lurie's papers [9] , [8] . Let N(X ) denote the ordinary nerve of category for an ordinary category X . In [9] , Z-indexing on an ∞-category C is given by Fun(N(Z), C) ≃ Z C. Here N(Z) is the category consisting of the integers with linear ordering maps.
For the constant simplicial set Z d s , the inclusion Z d s → N(Z) from the constant simplicial set to the nerve of integer ring give us the concentration on the degree zero part on Z-grading in the setting of E 2 -rings.
Another spectra with Z-grading together with the Day convolution appears in [8, Section 2.2.6, Proposition 6.3.1.12], which is given by the generalized ∞-operad Z × N(Fin * ) in the setting of E 1 -rings.
Although our construction of Z-grading on the ∞-category Sp of spectra has the underlying ∞-category Fun(N(Z), Sp) ≃ Z Sp as in [9] , it is different from the other constructions. We use ∞-operads (not generalized ∞-operad) obtained by the symmetric monoidal categories {0} ⊂ N ⊂ Z whose morphisms are just identities.
The differences from the other constructions appear in the definition of Serre twist and the one-element localization, since we require the E ∞ -ring structure to obtain a spectral projective scheme by taking explicit open coverings.
We define Z-graded and N-graded E ∞ -rings by lax monoidal functors from N(O [17] , which we write as⊗. These structures make Fun N(Fin * ) (N(Z), Sp)⊗ the closed symmetric monoidal ∞-category, so that Fun N(Fin * ) (N(Z), Sp)⊗ naturally inherits the structure of enriched ∞-category [5] . By using this fact, we define the localization of graded E ∞ -rings with respect to one element.
We remark that our construction also makes sense for ordinary graded rings if we replace an ∞-operad Lurie defined a spectral projective space by using the polynomial E ∞ -rings as the canonical charts. Now, we will define projective spectral schemes generally. We define projective spectral schemes in the setting of Lurie [13] by proving the glueing conditions in the setting of our N-graded E ∞ -rings.
We can also specify covering sieves in the setting of Lurie [7] on the spectral projective schemes explicitly by using our N-graded E ∞ -rings.
Gabriel-Zisman [4] showed that the localization of an abelian category corresponds to a certain thick subcategory of a triangulated category of an abelian category. The Serre theorem said that the localization with respect to the sheafification of finitely presented modules specifies the thick subcategory consisting of gradedly bounded above modules. We consider conditions in the setting of spectral algebraic geometry which correspond to the "finiteness" of ordinary graded rings and modules in Section 4. We generalize the Serre theorem as follows.
Let R be an E ∞ -ring and A an N-graded E ∞ -ring over R. Let M be a Z-graded A-module over R. 
which sends a quasi-coherent perfect sheaf F on Proj A to the global section Γ * (Proj A, F) which we construct in Section 4.
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denote the morphism given by the formula
Let p : X → S be an inner fibration of simplicial sets. An edge f : 
is a trivial fibration of simplicial sets. An edge f : Recall that a symmetric monoidal ∞-category is a coCartesian fibration of simplicial sets p :
with the following property: the functors ρ 
From Construction [8, Construction 2.1.1.7], we can make a category C ⊗ from the colored operad C; the objects in C ⊗ are finite sequences {X i } of objects in C and a morphism from {X i } 1≤i≤m to {Y j } 1≤ j ≤n is given by a map a : 〈m〉 → 〈n〉 in Fin * and a collection of morphisms
in the colored operad C, together with the composition law determined by that on Fin * and on the colored operad C. Let K be a simplicial set and g : K → N(Fin * ) a map of simplicial sets. Let C ⊗ g be the ∞-category obtained by the following pullback
If we take a morphism f in Fin * , we let C ⊗ f denote the ∞-category obtained by the above pullback with K = ∆ 1 , and if S is an object of Fin * , we denote C ⊗ S the fiber at S.
The simplicial set Fun(C, D)⊗ equipped with a map Fun(C, D)⊗ → N(Fin * ) is defined by the following universality: there is a bijection of simplicial sets
which is natural in g . We define a symmetric monoidal ∞-category 
where we denote by µ f −1 (t ) + the active map f −1 (t ) + → 〈1〉 if f −1 (t ) + is not empty and the inclusion * → 〈1〉 if f −1 (t ) + is empty, and denote by β f −1 ( * ) the unique map f −1 ( * ) → * .
Let X be a functor in Fun(C, D). We denote by X λ the value at λ in C of the functor X . 
and then the unit object is a Z-graded spectrum S whose positive components S n ≃ 0 and otherwise S n ≃ S where S is the unit in Sp. This construction is different from ours because we take Z with only identity morphisms. We will define a Z-graded (N-graded) E ∞ -ring A and graded A-module to be a monoid objects and A-module objects with respect to the graded tensor as follows. and call its objects Z-graded E ∞ -rings.
(ii) Recall the notation in Definition 2.2. We say that a Z-graded E ∞ -ring A is connective if each A i for i ∈ Z is a connective spectrum. (iv) Let R be an E ∞ -ring. Let Mod ⊗ R → N(Fin * ) be the symmetric monoidal ∞-category of R-modules. We define the ∞-category of Z-graded E ∞ -rings over R by
and call its objects Z-graded E ∞ -rings over R.
Let us denote the ∞-category of Z-graded E ∞ -rings by CAlg g r Z , and let us denote CAlg g r N the full ∞-subcategory of CAlg g r Z consisting of N-graded E ∞ -rings. We usually identify objects of CAlg g r N with that of
We denote by CAlg
and CAlg
the ∞-category of Z-graded and N-graded E ∞ -rings over R, respectively.
Definition 3.2.
Let A be an ∞-operad map. Consider the following diagram
x x r r r r r r r r r r r
where 0 is obtained by the symmetric monoidal inclusion map {0} → Z and p is the fibration of ∞-operads
given by the symmetric monoidal structure on Z. Here we denote by A 0 the induced morphism by composing 0. We call (−) 0 the truncation functor.
We will explain the functor A(∞). We obtain p * : CAlg → CAlg g r Z by composition. The underlying functor of
Since we take identities as morphisms in Z, the ∞- 
where q is given by the symmetric monoidal structure on Sp. The functor p ! : CAlg g r Z → CAlg which assigns A to A(∞) gives the left adjoint to p * . We have an equivalence of the underlying spectra 
Proposition 3.4. Under the notation of Definition 3.2, assume that A is a Z-graded E
Especially, the truncation functor (−) 0 preserves commutative ring structure.
functor. Therefore, the composed functor A 0 also has an E ∞ -ring structure induced from A. So (i) holds. Since the Day convolution preserves the colimits separably in each variable, and since A(∞) is the operadic Kan ex-
Definition 3.5. We call A(∞) the underlying E ∞ -ring of A.
Since we take identities as morphisms in Z, we can see that the underlying spectrum of A(∞) is A i , where
Remark 3.6. The condition of Definition 3.1(ii) is equivalent to that A(∞) is connective. For any Z-graded
Next, we will denote by Mod g r Z the ∞-category of Z-graded modules. (ii) For a Z-graded E ∞ -ring A over R, we define the ∞-category of Z-graded A-modules over R by
We denote by Mod
(iii) We say that a Z-graded A-module M is connective if each value M i of the underlying functor is a connective spectrum for all i ∈ Z.
We say that a morphism in CAlg g r Z and Mod Ag r Z a morphism of degree 0 or a morphism of graded E ∞ -rings and of graded A-modules.
Remark 3.8. Let us consider the following diagram
Here, the upper horizontal map is the evaluation map. Since the graded tensor commutes with colimits in each variable, we obtain a symmetric monoidal functor (−)(∞) :
⊗ by the operadic left Kan extension as in Definition 3.2. Then, the symmetric monoidal functor induces
and therefore induces a functor
Thus, a Z-graded module over an
Proof. It holds since the underlying ∞-category Fun(N(Z), Sp) of Z-graded spectra is stable by the stability of for a certain d ∈ Z is equivalent to take the ideal generated by
(ii) Let (k) : N(Z) → N(Z) be a functor given by the assignment of the underlying functor Z → Z; n → n − k. We take the left Kan extension of a functor X along (k) :
We write the left Kan extension X ′ of X as X (k), and call X (k) the (k-th) Serre twist of X . By the diagram, we have X (k) n ≃ X n+k . Note that X (k) does not inherit algebra structure; even if X is a Z-graded E ∞ -ring.
Let 1 be the unit object in Fun(N(Z), Sp) with respect to⊗, e.g., the degree 0 part is the sphere spectrum and the other degrees are zero. Let 1(k) be the left Kan extension of 1 along (k).
Lemma 3.12. The spectrum X (k) is equivalent to X⊗1(k).
Proof. Since Fun(N(Z), Sp) is right closed, we have an equivalence
Here, {Map(1(k), Y )} n∈Z is the inner mapping spectrum. The degree n part {Map(1(k), Y ))} n is equivalent to the spectrum Y n−k since 1 is the functor whose value is the sphere S at the degree 0 and is zero at the other degrees.
. Thus, the lemma follows from the Yoneda lemma.
Especially, if M is a Z-graded A-module at first, we obtain the Serre twist M⊗1(k) as a Z-graded spectrum, and it inherits a Z-graded A-module structure since Mod A (Fun(N(Z), Sp)) is also closed.
Thus, we obtain the induced Serre twist (k) : 
o o Definition 3.13 (Localization of graded E ∞ -ring with one element). Let A be an N-graded E ∞ -ring. We will define the localization of N-graded E ∞ -ring A and Z-graded A-module M with the homogeneous element f of degree d.
Let S be the sphere spectrum. The homogeneous element f ∈ π 0 (A(∞)) corresponds to
, and we obtain a morphism f⊗ f :
Iteratedly, we obtain the class of mor-
We will state the universality of the one-element localization of N-graded E ∞ -rings as follows, which is the analogy of the universality of one element localization of E ∞ -rings. The morphism Map CAlg
is fully faithful and a morphism φ : A → B is in the essential image if f ∈ π 0 (A(∞)) is sent to an invertible element in π 0 (B(∞)).
We define a localization of M with respect to f to be Recall that the internal mapping space {Map A (X , B(n))} n∈Z is the representing object (Mod Ag r Z ) op → S that assigns Z to Map(Z⊗ A X , B). Consider the two functors which assign a Z-graded in the right hand side means g 
and we also have a commutative diagram of graded modules
Proof. We have an equivalence of ∞-categories
where the inverse functor is given by the scalar extension via the inclusion
Thus, by the observation of Remark 3.15, the first part of (iii) holds. By the associativity of the relative tensor product and degree 0 part of
, we obtain (ii). The second part of (iii) follows from (ii) and Remark 3.15. For (i), by the universality of the localization, we have a morphism . By the universality of localization of (non-graded) E ∞ -ring and the fact that the localization is determined up to equivalence, we obtain an equivalence A[a
Example 3.18 (Ordinary grading). We can apply our procedure to the ordinary case. An ordinary graded ring and a graded A-module for a discrete N-graded ring A can be recovered from an algebra object and an Amodule object in the ordinary category of symmetric monoidal functors Z → (ZMod) with respect to the Day convolution. Here, (ZMod) is the category of abelian groups.
Let (AMod g r ) be the ordinary category of (Z-)graded A-modules. The category (AMod g r ) is closed symmetric monoidal. Therefore, the unit object I is such that the degree 0 part of I is A and the other degree part is 0.
Let (AMod g r ) g r be a category of which objects are Z-graded A-modules and, for graded A-modules L and M, the set of homomorphisms is defined by
) is consisting of A-module morphisms of degree 0. The right hand side is the internal hom object with respect to the tensor product⊗ of (AMod g r ), which is of the form (L⊗M) n = ⊕ n=n ′ +n" L n ′ ⊗ M n" for each degree n. The tensor product⊗ is equivalent to the Day convolution.
PROJECTIVE SCHEMES AND ITS QUASI-COHERENT SHEAVES
We will remark the double grading on spectra. Let + : (Z) × (Z) → (Z) be the symmetric monoidal functor given by the additive multiplication on Z. Then, the induced functor
is a lax symmetric monoidal functor. Therefore, we obtain the lax symmetric monoidal functor
which gives the double grading on spectra.
We will take commutative algebra objects and module objects on both hands sides of Fun(N(Z) Note that if we are given a Z-graded A-module M, the image of M under the functor is given by the collection of the Serre twist {M(n)} n∈Z .
We will state some notations in this and next sections.
(
1) In this section and Section 5, for a Z-graded E ∞ -ring A and a Z-graded A-module M, let us denote A(∞)
and M(∞) by A and M for simplicity, except for the global section functor Γ * . We will also denote by Spec A the Zariski spectrum of the underlying E ∞ -ring A(∞) and theM for the sheafification of M(∞). (ii) An E ∞ -ring R is Noetherian if any ideal of π 0 R is finitely generated and R is a coherent E ∞ -ring. For an E ∞ -ring R, we regard as an N-graded E ∞ -ring such that the degree 0 part is R and the other pars is 0.
A Z-graded A-module M is locally compact if there exists a positive n 0 ∈ Z such that M ≥n 0 (∞), which is corresponding to the composition
Here, N ∆ (Z ≥n 0 ) is the full ∞-subcategory of N ∆ (Z) spanned by the vertices Z ≥n 0 .
Recall the notation from Definition 2.2 and Definition 3.5. We say that, for an E ∞ -ring R, an N-graded E ∞ -ring A over R and Z-graded A-modules over R satisfy the finite presentation condition if (i) R is a connective Noetherian E ∞ -ring.
(ii) A 0 is an almost perfect R-module.
(iii) A 0 is a Noetherian E ∞ -ring. . Let C be a small ∞-category, and j : C → Fun(C op , S) the Yoneda embedding. Let C ∈ C be an object, and i : U → j (C ) a monomorphism in Fun(C op , S). We denote by C /C (U ) the full subcategory of C /C spanned by those objects f : D → C of C /C such that there exists a commutative diagram
Then, C /C (U ) becomes a sieve on C /C , which we call a sieve on C . There is a bijection between the subobjects of j (C ) and the sieves on C given by sending i : As in [13] , a spectral scheme is a pair of an (ordinary) scheme X and a structure sheaf on the ∞-category U(X ) of coverings of X , which values in the ∞-category CAlg. The glueing conditions (Proposition 3.17) in the previous section bring us the following definition.
be a class of morphisms, where
Let A be an N-graded E ∞ -ring. We will define a spectral projective scheme. As follows, it is a pair of Proj(π 0 (A)) and a structure sheaf O Proj(A) : U(Proj(π 0 (A))
op → CAlg that is given by the natural equivalence
To define the structure sheaf O Proj (A) , first of all, we take affine spectral schemes of the form (Spec
Let A f f Cov(X ) be the ∞-category consisting of affine coverings of U(Proj (π 0 (A))). We define O 
By the definition of covering sieves, the functoriality of Proj is assured if we take covering sieves.
Definition 4.6 ([12]
, Definition 3.1). Let X be an ∞-topos. We say that X is an ∞-quasi compact if every covering of X has a finite subcovering.
Lemma 4.7. Let A be an N-graded E ∞ -ring. If we assume that there exists a surjection
where a 1 , · · · , a r is degree 1 elements in π 0 (A), Proj A has a finite covering, so that it is ∞-quasi compact.
Quasi-coherent sheaves on Proj(A).

Definition 4.8 ([7]
Definition 6.1.2.2). Let ∆ be the category of finite linerly ordered sets and C an ∞-category. A simplicial object in C is a morphism of ∞-categories
Let us consider CAlg op endowed with the flat topology. Then, in the case of ∞-category CAlg op with flat topology, a functor F : CAlg → S is a sheaf if, it preserves finite products and for any covering X → Y in CAlg,
is an equivalence [ Here we denote by (−) the sheafification on X .
Especially, a sheaf F on X valued at X is given by the equalizer as following diagram; (4.1)
where a i,j = a i a j and a i s run over the elements in π 0 ( i≥1 A i ).
Note that the ∞-category of O X -modules becomes a symmetric monoidal ∞-category [10, Section 1.5]. The following Corollary follows from Proposition 3.17. Proof. Let a be a degree 1 element of π 0 A. We will show that the natural morphism
Let B be an N-graded E ∞ -ring which is A[a 
where the horizontal morphisms are assumed to be obtained by those morphisms which send a to an invertible element and the vertical morphisms are associated with the extensions (−)(ℓ) and (−)(−ℓ). Note that we write Definition 4.12. We denote A(n) by O X (n) for n ∈ Z, and we define F(n) to be
Definition 4.13. For an E ∞ -ring R, let A be an N-graded E ∞ -ring over R. Let X = Proj(A) be a projective spectral scheme and F a quasi-coherent O X -module. Note that we have a morphism Proj(A) → Spec R. Assume Definition 4.1. Let us take a covering {Spec A[a
to each affine is a quasi-coherent sheaf over an affine spectral scheme and since we have an equivalence
, we can take an A[a
whose sheafification on Spec A[a
. We define the section functor Γ(X , −) : QCoh(X ) → Mod R by assigning to a quasicoherent sheaf F on X the R-module obtained by the limit of the cosimplicial diagram as (4.1)
where we denote by
. This definition is equivalent to the definition of the global section in the sense of Lurie as in [10] if we take an affine spectral scheme. Now, assume Definition 4.1. For an N-graded E ∞ -ring A over R, let X = Proj(A) and n∈Z Γ(X , F(n)) a Zgraded A-module which functor assigns Γ(X , F(n)) to each n ∈ Z. Let
This is an explicit description. However, we need to show that Γ * (X , −) takes the values not only in Mod R
but in Mod
Ag r Z R . Therefore, as in the proof of the following lemma (i), we will reformulate the construction of Γ * (X , −) by taking a certain colimit in the ∞-category Pr L of presentable ∞-categories, and realize the functor Γ * (X , −) as the left adjoint to the sheafification (−) on X . It is, by (4.2), equivalent to the above explicit description.
We will also compare A with (
,1≤i≤n be a finite covering. Let B be a product A[a
• be the cosimplicial resolution of A associated to the covering. Then, we obtain the cosimplicial diagram 
Therefore, (i) is proved. We will show (ii).
We will see that inert morphisms in N ∆ (O Let f : 〈n〉 → 〈m〉 be an inert morphism. Since morphisms in Z are just identities, we can construct a mor-
we have m i = n j , so we can take identity on the compo-
, and if f (n h ) = * , we can take a morphism Γ(X , O X (n h )) → Γ(X , O X ) which sends Γ(X , O X (n h )) to the unit object in Γ(X , O X ). Thus, we have a functor Fin * → M R which preserves inert morphisms. Therefore, (ii) follows by taking the simplicial nerve in both hands sides. Especially, we obtain an equivalence M → Γ * (X ,˜) M.
Let (−) : Mod
Since F is a quasi-coherent sheaf, we have 
where the first functor is given by the symmetric monoidal functor N(Z) × N(Z) → N(Z), the third functor is given by taking (−) 0 . This is a lax monoidal functor.
Definition 4.18. Let R be an E ∞ -ring and A an N-graded E ∞ -ring. Let M be a Z-graded A-module. We consider the following conditions.
(i) The homotopy group π ℓ (M n ) is a finitely presented π 0 (A 0 )-module for any n and ℓ in Z.
(iii) There exists n 0 ∈ Z such that M n ≃ 0 for n < n 0 .
(iv) There exist n 1 ∈ Z and d > 0 such that
is a surjection for every ℓ ∈ Z and n ≥ n 1 .
If M satisfies all of these condition, we say that M is +-almost perfect. We let (Mod
subcategory of Mod
Ag r Z R consisting of those objects satisfying all of the above conditions. We use the notation Then, the number n 0 is to be mi n 1≥ j ≥s deg (m j ). Next, we consider elements of the form a
where 0 ≥ n k ≥ 1 and 1 ≥ j ≥ s ′ . The nomber of those elements are finite. Therefore, we can take n 1 to be maxdeg (a 
and π ℓ (M n ) are finitely presented over π 0 (A 0 ), we can see that π ℓ+1 (M n+1 ) is generated by products of the images of the representative in π ℓ+1 (M n+1 ) of these elements. Since π ℓ (M n ) is a finitely presented π 0 (A 0 )-module for all n ∈ Z, the homotopy group π ℓ (M(∞)) ∼ = π ℓ (M) is finitely generated over a Noetherian ring π 0 (A).
Since R is a connective coherent E ∞ -ring and A 0 is almost perfect over R, π n (A 0 ) is finitely presented over π 0 (R). Since A 0 is Noetherian, π n (A 0 ) is finitely presenerated over π 0 (R). Since A 0 is almost perfect, π n ′ (A 0 ) ∼ = 0 for n ′ << 0. Thus, the E ∞ -ring A 0 is coherent E ∞ -ring.
For any quasi coherent O X -module F, with covering morphisms {Spec A[a 
Proof. It suffices to check the first assertion. If direction is easy. We show the only if direction. Note that A 0 is also a coherent E ∞ -ring.
Let us take a subring n≥0 π 0 And of n≥0 π 0 A n and the degree d > 0 element a ∈ π 0 (A d ). Since we have We saw that the sheafification on Proj A admits the right adjoint Γ * . We will see that Γ * becomes the inverse of the sheafification. Proof. It suffices to show that, by the universality of the localization, we have M ≃ 0 if and only if M is gradedly bounded above for a Z-graded A-module M with the finite presentation condition.
So, assume that M ≃ 0. Since M is almost perfect, there exists k ∈ Z ≥0 such that M ≥k is almost perfect.
Take the cofiber sequence M ≥k → M → M ≤k . Then, the cofiber M ≤k is gradedly bounded above, so its sheafification is zero. 
